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Abstract 


We prove a generalization of the Kibble-Slepian formula (for Hermite polyno¬ 
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1. Introduction 

The complex Hermite polynomials \H mn (zi,z 2 )}“ (i=0 may be defined by 
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The polynomials {H mn (z„ z)}“ ;!=0 are orthogonal on M 2 with respect to e r r and 
have the generating function 


^ ' 1 H mn (Z\,zT) 


m, n =0 


ml n\ 


_ g uz l +vz 2- u V 


( 1 . 2 ) 


They seem to have been considered first by Ito [19Q in his study of complex mul¬ 
tiple Wiener integrals^ Recently they were used in [QJ[ to study Landau levels 
and were applied in [230 to coherent states, and in [24,[25y to quantum optics and 
quasiprobabilities, respectively. See also EMEU. The reference [14] deals with 
the spectral properties of the Cauchy transform and the polynomials {H m , n (z,z .)} 
also appear in this context. The polynomials \H m n (z,z)}f n=0 are essentially the 
same polynomials as in the monograph |0, (2.6.6)] by Dunkl and Xu. 

The Kibble-Slepian formula is Equation 1 .4b below. It was first proved by 
Kibble in 1945 | (20fl and later by Slepian [22]. Louck [21] gave a proof using 
Boson operators while Foata [8] gave a purely combinatorial proof. Each proof 
brings in a new point of view. 


Theorem 1.1. Let S 

Frobenius norm 



be an N x N real symmetric matrix with the 


IIS I ! 2 = £ 


j,k=l 



(1.3) 


Assume that ||S || < 1, In being an identity matrix of size N, and X being an N x 1 
matrix. Then 


det (I N + exp (x r S (I N + S)" 1 x) 


( 


z n 

K V1 <m<n<N 

\T 


( _ \I<m,n 

Okm,n If ! 

Z- 'VIJ7 11 • 


-tr {K) 


H k . (xi) ■ • • H kN (x N ) 


(1.4) 


where X = (x u x 2 ,..., x N f, K = (k m ^ nn=v k m n = k n m , 1 < m, n < N and 

N N 


tr (K) = ^kjj, K t 

j= i 


kr-hf + J^kej, i-\ 
7=1 


(1.5) 


In (11.41) . YjK denotes the " ( " 9 +1) fold sum over all nonnegative integers k mn = 
0,1,... for all positive integers m, n such that 1 < m < n < N. 
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It must be noted that the proofs by Louck [210 an d Slepian [22] assume S is 
symmetric and conclude that the expansion in (11.41) holds for ||5|| < 1. On the 
other hand the combinatorial version by Foata |8||] makes no assumptions on S but 
assumes the diagonal elements hjj vanish, and concludes that the expansion (11.41) 
holds as a formal power series. 

In [17] Ismail proved a similar theorem for the complex Hermite polynomials. 
His result is essentially the following theorem. 


Theorem 1.2. Let W = (w,, vv 2 , • • • ,w N ) r , and H = (/i mo )m«=i be an N x N 
Hermitian matrix with ||//|| < 1 in Frobenius norm, and 1^ is an N X N identity 
matrix. Then 


det (I N + H r 1 exp (w*H ( I N + H)~ l w) 

=z n 


K 1 <m,n<N kmM ' 


where K = is a general matrix with nonnegative integer entries, c n is 

the sum of the elements ofK in column n and r m is the sum of the elements of K in 
row m, that is 


(h ) m,n 

H n ,ci (wT, wf) • H,. nXn (wf, w N ), 


(1.6) 


N 

Cn — ^ '' i bjjn 
7=1 


N 


hm.t • 


(1.7) 


e=\ 


In this paper we prove the following stronger result without the assumption 
that H 6 C ,VxA ' is Hermitian. 

Theorem 1.3. Following the notations in 'Theorem ] 1 .21 we let W = (yvi ,..., w N ) T 6 
C N , H 6 C NxN , ||//||oo = max \h;A and B = {h : II//IU < 77 }- Then the series 

1 < j,C<N 1 1 N] 


z n 

K 1 <m,n<N 


^ Hn.d (w u Wi) • ■ • H rNtCN (w N , w N ) 

Km,n • 


converges absolutely and un iformly for W in any compact subset of C N and FI in 
any compact subset of B. 

Given 6j^ > 0, j, k = and a Hermitian matrix H 0 = (h^fj k _ { 6 B, let 


D(H 0 ,6) = \H: 


h;; - h (0) 

J ’ J hj 


< Sjj, |uejc - ufl\ < S (Jc , \v e ,k - vg| < S t jc J , (1.8) 
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where 1 < j,k,l < N, £ < k and 


h mu u n h (0) + h (0) h m - h (0) 

he,k + hk,e hf k — hkt ( o) n e,k +n k,t m) n (,k n k,t ,, 

u a =-2-’ vt ' k = - 2i -’ Ue ’ k = -2-’ Vf ’ k = -2 i -' (L9) 


If D (Ho, 6) c B, then 

exp (w*H (I N + //) 1 w) = det (I N + H) 

n 


K \<m,n<N k,n ’ n ' 


(h mn f . . . 

H ru ci (Wum) ■ ■ ■ Hr N ,c N ( W N , W N ) 


( 1 . 10 ) 


holds for all W 6 C ,v and H £ D (Ho, S). In particular, it is not hard to see that 


Corollary 1.4. For N £ N, let W = (p\e ldl ,... ,p^e l6N ) that p m > 0, 6 m £ M/or 
m = 1,..., N in (11.61) , H, K, c m and r m are the same as in Theorem ] 1 .21 then 


det (I N + HY l exp (I N + /0" 1 w) 


V N 


= z n n { - h ^) km - n 


K m= 1 n= 1 


Cm 

k\,mn • • • ? kpj m 


(p m e Wm ) 


r (f m Cm) 


(Pm) • 


( 1 . 11 ) 


where {//"’ (x)J ore Laguerre polynomials. In particular, for x,y > 0 and \u\, |v| < 
we /rove 


Z 

0< j<k<oo 


(u j v k + u k v j ) 

7^ 


Cj(k;x)Cj(k-y ) 


xy 

* xy (xuv - xy(u + v) + yuv) ^ 

exp 

xy - uv 

^ xy - uv ) 

xy . 

uv(x 2 +y 2 )\ 

7, sjuv(xy ) 3/2 ' 

exp 

xy - uv 

xy - uv ) u 

“ xy-uv y 


( 1 . 12 ) 


where C n (x\ a) is the n-th Charlier polynomial, I a (z ) is //re Bessel function of first 
kind. 


Ismail’s proof in [17] assumes that H is Hermitian and ||//|| < 1 and proves 
that (11.61) holds as a convergent power series in the variables h^, 1 < j < k < N. 
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Later Ismail and Zeng [18] found a combinatorial proof of Theorem 11.21 where H 
is not necessary symmetric, but the power series in (11.61) is a formal power series. 

The purpose of this paper is to first prove Theorems 11.11 and [L2l and Corollary 
ll.4l bv using the integral representations 


H n (x) e 


-X 2 


(- 20 " 

yjn 


f t n e~ t2+2ixt dt, 

n J 


(1.13) 


and 


e zz H„ hn (z, z) 


:m+n n 

- I w m w n exp {- (r 2 + s 2 ) - 2iRe(wz)} drds, (1.14) 


where z = x + iy and w = r + is such that r, s,x,y e M. The representation (11.131) is 
well-known, see for example, formula (4.6.41) in [160, while (11.141) will be proved 
in C3 Our proof actually proves a stronger version of Theorems 11.1 141721 where S 
and H are not assumed to be symmetric and Hermitian, respectively. 

It is important to note that the left-hand sides of the multilinear generating 
functions in Theorems 11.1111.21 are positive, when S and H are real symmetric 
and Hermitian, respectively. They contain the Poisson kernels as the special cases 
when N = 2 and the diagonal elements of the matrices involved are zero, fUGE 
§4.7]. Carlitz o] actually found the Poisson kernel for the 2D Hermite polynomi¬ 
als in 1978, 20 years before |2^, 25]. He identified the 2D Hermite polynomials 
as special cases of a 3 D system which he studied in detail but did not derive its 
orthogonality. Carlitz was not aware that his polynomials are the same as Ito’s 
2Z)-Hermite polynomials. Carlitz did not elaborate on the orthogonality of his 
bivariate or trivariate polynomials. 

Section [2| contains the proofs of Theorems I1.1H1.21 Section [3] contains some 
new formal properties of the 2D Hermite polynomials. In our approach we treat 
H m n (z.\ , Za) as a function of two independent complex variables and view the case 
Zi - zi as a domain of orthogonality in C 2 . In Section 0] we derive several mul- 
tiliear generating functions for the 2D ^-Hermite polynomials we introduced in 
Q. We do not have a ^-analogue of the Kibble-Slepian formula of Theorem 
11.11 but the results in §0] would be special cases of such formula. There is no 
Kibble-Slepian formula known for the one variable ^-Hermite polynomials either 
but their Poisson kernel is known. 
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2. Proofs 


We shall use the multidimensional Taylor series for functions mapping R' v 
into R. For a = (ai,a 2 ,...) such that a t , a 2 ,. ■. are nonnegative integers, let 
\a\ = a\ + a 2 + • • • , or! = a\ ! • a 2 \ ■ ■ ■ , and x“ = x°f • x°f • • • . Additionally, for 

neN 0 and \a\ = n we let (”) = — and D a f(x) = f, . 

u 1 1 W ot\ J \ y dxfdxf- 

Theorem 2.1. Assume that f and all its partial derivatives of order < m are 
differentiable at each point of an open set S c R". If a and b are two points of S 
such that the line joining a and b is con tained in S. We further let 


/ (t) (x; t) = Yj 

M=k 



D a f(x)t a , 


( 2 . 1 ) 


then 


m-l , | 

/(b) = /(a) + V - f k \ a; b - a) + — f m \ z; b - a), (2.2) 

Id ml 

for some z on the line segment joining b and a. 

This is essentially Theorem 12.14 in |3|. 

Lemma 2.2. Let S = (/;,*:] be an N x N real symmetric matrix and Y an N x 1 
complex matrix, then, 


exp (-r r sd = £ n 


(~2s ) km '" 'l 

V ^ J m,nJ 

k > 

K \]<m<n<N m ’ n ’ 

where K, kj, tr(K) are the same as in Theorem W .11 


2(2.3) 


Proof. Observe that exp \—Y T S hj is an analytic function in the variables s mjl for 
1 < m < n < N separately, then, 


“pk^)=zi n 


/ „ \km,r 


K V ] <m<n<N ^ m ’" ! 


-at 

K m 


then for 1 < m = n < N, 


av = 

^m.m 


d km ’ m exp (-Y T S Kj 


a k mjn 
1 myn 


5=0 


_ ^_J y^-m.m ~y 


2A-„, 
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and for 1 < m < n < N, 


a k = 

** m,n 


d k ",, exp (_y 7 s Y) 


Bs km -" 


S = 0 


(_ r )\ k m,n v k m,n k m,n 

V **) jm jn 


We apply Theorem 12. H and show that the error term —> 0 as m —> oo and conclude 
that 


exp (-i”-sr) = £ n 


K \\<m<n<N 


/ \N 

Lemma 2.3. Let H = (/i^J ^ Le an N x N complex matrix and Z an N x 1 

complex matrix Z = (zi, . . . ,Zn) T and zj - xj + iyj, xj,yj e M/or j = l,... ,N, 
then, 

(—h ) km - n 'l 

V n m,nJ 


(- 2 s ) km '" k 

k i = 




□ 


AT 


exp ( -z*«z)=xri(5f<' n 

K 7=1 

where K, k mn , r m , c n are the same as in Theorem \\.2\ 


k i 


(2.4) 


Proof. Observe that exp ( -Z*HZ ) is analytic in the variables h jk , j,k = 1,..., A 7 
separately, then 


and 


exp (~Z*HZ) = Y j fl 

K l<m,n<N 

d kmn exp (- Z*HZ) 


(h 

~~k ~ 

n • 


-air 

K m 


a k = 

A - m,n 


r)h k " L " 

uri m,n 


= ( ZmZn)"" 


H =0 


for k mn = 0,1,... and m, n = 1,..., N, then, 


exp (-Z*HZ) = Y j fl 

K \<m,n<N 
N 


K 7=1 


{-h m ,n) km " (Zj^ ( Zn) k 

k ' 

ft -m,n • 

/ r , \U \ 

(—h 

V ' L m,nJ 

k > 

,v m n • 


n 




/ 


This completes the proof. 


□ 
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Remark 1. We have noticed that identities 12.31 and 12.41 can be proved formally 
without using Theorem 12. 11 We observe that for the former we have, 


( n 


exp 


(-y r S Y) = exp - Yj s uy^j 


exp 


V i,J 

=1 

y v 1=1 

iii v- (-^ri 


( 

n 

°° / 9 ~ v > 

l 11 .^ (Wi J 


y \<m<n<Nk, .=0 ( km,n)\ y 


( N N \ 

~ Tj Suy t ~ 2 Tj Si ’J yiy j 

1 <i<j<N 


(-Si,iyl) kl> (-52,2(-5VWT-) 


fe,2 


E 


\£jV,Ai 


h,uk22,—,kNM=0 


X 


Z 


(&u)! (^ 2 , 2 )! (^vw)! 

(-2s h 2yiy 2 ) kl ’ 2 (~2s lN yiy N ) kurt 


kl,2,kl,3 ,klM,k23,—,k2Ji,—,kN-lJV=0 



(M! 

, \k2,N 




\kN -1 


n 


(k 2 w)! 

(-2 s m , n y m y n ) km 


\<m<n<N 




(£v-i,v)! 

=Z 2 ‘ wo n 

K 1 <m<n<N 


( _ r ) r. \kli;.ll 

V 

(km,n) • 


V 2/ci j i+fci i 2+—+*i,^ 2^2,2+fe,3+--*2,W -kN-l,N-l+kN-l,N 

x -m y 2 • • -3V_i 3V 


/ 


Z n 


(_ O r. \ 

V z ' J Hi,ny 


k ' 


o-tr(X) /.'1 ... ^jv 

Z - V 1 - V 2 Zv 5 


7 


X Vl <m<n<N 

whereas for the latter we have, 

f v 

exp (-Z* HZ) = exp 


^ ^ hm,nZmZn 
V m,«=l 


j J CXp ( hm,nZmZn) 


\<m,n<N 


- n z 


(—h 7 7 ^ 


=z n 


y ^—^1,[+^1,2-1- <-kl t N (—)*JV,l+%,2+-+*JV,Af Z *U+*2,1+-+*AT,1 

( 


X V 


3'l,JV+i'2,JV+-+*JV,JV 


x Vi=i 


=z n 

£ V1 <m,n<N 

\ ( 


K \<m,n<N 

“i 

(—h ) kmn ^ 
V ,l m,n) 


(-h yw 

\ n m,nJ 
(km,n) • 


(km, «) • 


(zD n ...(m rN z c l l ...z 


,CJV 

■N 


=z nfeF 4 n 


/ \l<m,n<N 


(—h \ km ’" ^ 

k » 
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Lemma 2.4. For all m, n e Z + and z e C we have 


\H m , n (z,z)\ < e ,z, ~ Vm! • nl. 
Proof. From Equation (11.141) we get 

ne~^ H„ 


(2.5) 


n ,n (z, z) | < J' \w\ m ■ \w\ n exp {- (r 2 + r)} drds 


< 

~A 


J" |w| 2m exp {- (r 2 + s 2 )} Jrrfs J " |w| 2 " exp {- (r 2 + s 2 )} drds 

Is 


A 


J "(r 2 + 5 2 )" 1 exp {- (r 2 + s 2 )} J H(r 2 + s 2 )” exp {- (r 2 + s 2 )} drds 

A i 


= 7 T Vw! • «!, 

which gives (12.51) . □ 

We now present our proof of Theorem ll.il 
Proof of Theorem [1711 First we observe that 

1151| 2 = J] |v»r = tr(55 r ) = ^4 

m , n =\ 7=1 

where /1 7 , j = 1,..., Af are the eigenvalues of 5, then the matrix 7, v + 5 is positive 
definite and thus (7, v + S) 1 exists and it is positive definite. It is clear that, 


det (I N + S )-l exp (x r 5 (I N + S )~ ! x) 

= det (I N + S )“3 exp (~X T (I N + S )~ 1 X + X T X ), 

then (11.41) is equivalent to 


det (7/v + S )“ * exp (-X r (7 W + 5)" 1 x) 

( r. \ 


z n 

A' Vl<m<w<Af 


0 km,n Is ! 

" /v /77.77 • 


2 trW (/a, (*i) • • • ^ (•%) , 
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where ij/ n (x) = e x H n (x). Applying the multivariate normal integral 


f “P (~X t AX + 2iB T x) f] dxj = A /^, 

TO A 


nN e ~B T A~ l B 


( 2 . 6 ) 


where A 6 N, A is an A x A real symmetric positive definite matrix and B, X are 
A x 1 real matrices, then using Lemma [2T2l and (11.131) we get 


_ A 

= 71 2 


_N 

= n 2 


det (I N + S )" 3 exp (-X r (I N + S )“ 1 x) 

r N 

( exp [-Y 7 ( I n + S)Y + 2iX T Y )n dyj 

J= l 

r N 

I exp [-Y t Y + 2 iX r Y - Y t S y) ]~”[ dy n 

i n=i 

(-20 WA 


_N 

K 2 




n 


V1 <m<n<N 


k » 


)-tr(AT) 


X 


r N 

cxp(-Y T Y + 2iX T Y)[]y^dy ll 

n=l 


=z n 


(—2 s ' )^"’" ^ 


-tr (K) 


K Vl <m<n<N kfn ,n ■ / 

1 

X- — if/ ki (JCi) • • • ftk n (x n ) , 

Z *; 

i-2iy=' 

where the exchange order of summation and integration is valid because of 


r N 

I exp(-y r y-y r sy)] _ [jy, 

A, n =1 


< OO 


and an application of Fubini’s theorem. Observe that 


N 


Yj k i = 2 k mn . 


7=1 
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then 


det (I N + S )“ 5 exp (-X T (1 N + S )~ 1 x) 


e n 

K yl<m<n<N 


k ’ 

•'"in n • 


2 b(K) ils kl (xi) ■ ■ ■ i// kn (x n ), 


which proves Theorem ll.il 


□ 


Proof of Theorem [L2l Since H is an N x N Hermitian matrix, then H can be 
factored into 


H = UAU* 


where U is an IV x IV unitary matrix while A is an N x N real diagonal, say 
A = diag Uj,...,^}, thus, 


N 

\\H\\ 2 =tr(HH*) = Y j A]<l. 

;'=i 


Hence In + H is a positive definite Hermitian matrix and thus it is invertible. It is 
clear that (11.61) is the same as 


det (I N + Hf' exp (z* (I N + H) ' z) 


=e n 

K \<m,n<N 



r\,c\ 


(w u Wi) ■ ■ ■ i/s rN>CN (w N ,w N ), 


where il/ a ,p ( Zi,Zi ) = e~ zlZ2 H a ^ ( z\,Zi ). Set T = (I N + H)~ l to be an N x N positive 
definite Hermitian matrix, // = (0,..., 0) r an Nx 1 complex matrix and C = (0)'^ =] 
in the character function complex normal integral to get [12] 


r N 

I exp (-Z* (I N + H)Z + 2 i Re (W*Z)) ]~”[ dxjdy 

J 7=1 

td2W J 


n N exp(-lT* (In + HT 1 w) 
det (I N + H) 


(2.7) 
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where W = (wj,..., w N y is an N x 1 complex matrix. From Lemma [231 to get 

exp(-!T (I N + HT l w) 
del (/ /V + H) 

r N 

= n~ N I exp (-Z*Z + 2i Re (W*Z) - Z*HZ) ]~[ dxjdyj 


7=1 


n 


-N 


z n 

K 1 <m,n<N 


(—h \ km - n i 

V ' L m,n ) 

k » 

"'in n • 


x J exp (-Z*Z + 2/ Re (W*Z)) (zj)° z]dxjdyj. 

R 2JV 7=1 

Z 1—T (fim rtf"’' 1 _ _ 

[ | ,/ , lAr 1 .c 1 (Wl,Wi)---l/f rAf , Cjv (Wj V ,W A r), 


K \<m,n<N 


k ’ 

"‘m.n • 


and the exchange order of summation and integration can be verified using Fu- 
bini’s theorem. □ 

Proof of Theorem 11.31 B y Lemma 12.41 we have 


/ N \ N N 


| H,. uCl (wi, Wi) • • • H rNtCN (w N , w w )| < exp ^ K| 2 a |~~[ r, l ■ [ a ! 

V ;= 1 / ' ,= 1 ,= 1 


and 


z n 


(v) 




_ - - jfc,,! 

K \<j,C<N ' 


#r 1>Cl Ol, Wi) • • • //,,,, CA , (Wjv, Wyv) 

• - -'kjjN Ff /. ,.kj, f N ') 


( N 


< exp 


Z ^ 2 Z 


V r=l 7 K 


n 

1 <j,C<N 


(M)"n o. 

i= 1 


V 


n 


(M)’"nc! 

i= 1 


l<j,€<N kjJ • 


< exp 



z n 


i=i 


JV 


_ - - yfc.3 

X l<y,7<V 77- 


n^iir ncfi 

iz n fci 


k i <j,e<N 


M 
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by applying the Cauchy-Schwarz inequality. We observe that 


z n 


i= 1 


N 


_ - - k lf ' 

K 1 <j,(<N J ’ { ' 




K i= 


Lj • • • , kifl 


ii^ii 


N 

2 he 

f=i 


N 


i= l n >o 


and 


N 


N 


\m^uci\ 

£ II , ■ £11 


X l</,r<V 


K i= 


Lj \&u> • • • > k Ni 

= n Z (wh-*)* = c 1 - Aniflii-)^, 


lltfll 


N 

Z k* 
£=1 
oo 


i=l c,->0 


then, 


z n 


m 




v i<y/<v ' 


■ ^r 1; ci (Wl, Wi) • • • tf rNfC * (w N , W N ) 


< exp 


/ N \ 

Xlw/| 2 

V i= 1 7 


(1-AMoo) 


-2JV 


Hence the series on the right-hand side in (11.101) converges uniformly and abso¬ 
lutely for W in any compact subset of C iV and H in any compact subset of B. 
Clearly, det (I N + H) is a polynomial in variables hj t . For H e C' v we have 

Q 

\\H% = \\H\\ 2 < V^II^Hoo < -j= < 1. 

y[N 

Then 

oo 

H(I n + Hy 1 = ^(-l)'"- 1 //”' 


m -1 


converges in norm || • || 2 , and 

yfN\\H\\ c 


H(I n + H)- 1 II, < 


1- Vn\\h\\ c 


I W*H(I N + Hy l w\ 


< 


^\\H\\ C 


l- V5v||tf|| c 
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Consequently, exp ( W*H (I N + H) 1 IT) also converges absolutely and uniformly 
for IF in any compact subset of C N and H in any compact subset of B. Let 

F(H, W) = exp (W H (I N + Hf ] W) - det (I N + H) 

v n - - 

X Zj 1 1 k ' HruCl W ' ’ Wx ’ " ' HrN ’ CN ^ Wn ’ Wn > ‘ 

K 1 <j,(<N P' 

Then for any fixed W e C N , F(H,W ) is analytic in variables h uk in B, and 
F (//o, VF) = 0 for any Hermitian matrix H 0 e B by Theorem 1 1.2[ 

Let us introduce a new coordinate system Ujj, v^ k , 1 < ./, k, £ < N, £ < k 
such that 


hjj = u jyj , h ttk = u (Jc + iv ejc , £ < k, h kJt = u a - iv ejc , £ > k. 

Since this is an invertible linear transformation, any function analytic in h hk , 1 < 
j,k < N is also analytic in ujj, u (tk , v e>k , 1 < j,k,£ < N, £ < k and vice versa. 
Furthermore, for any Hermitian matrix H 0 e B and 6 jk > 0, 1 < j,k < N such 
that (11.81) and (11.91) and D(H 0 , 6) c B are satisfied, then F(H, W) can be expanded 
into a convergent power series in variables ujj, u^ k , v tkk , 1 < j, k,£ < N, £ < k at 
uff ufl, vfl 1 < j, k, £ < N, £ < k on D{H 0 ,6). Clearly, D(H 0 ,5 ) contains the 
following set S: 

(\j.j Mj,j — Ujj ^ ' &C,k ^ ^-P.k ^(k ^t,ki ~&(,k ^ ^(\k ^ Ik , 

where 1 < j,k,£ < N, l < k, and H is Hermitian on S . From Theorem 11.21 we 
know that F(H, W) = 0 on S. Hence, all the coefficients in this power series 
expansion of F(H, W) in variables u Uj , u kk , v kk , 1 < j,k,£ < N, £ < k at uff ufl, 
vfl, 1 < j,k,£ < N, £ < k must be zeros. Thus, F(H, VF) = 0 holds on D ( H 0 ,6), 
which is the same as (11.101) in D(H^. 6). □ 

We now come to the proof of Corollary 1 1.41 
Proof of Corollarv \TA\ Let IT = [p\e l0 ',... ,p N e‘° N j such that p, > 0, Qj e M for 
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j = l,.. .,N in (11.61) to get 

det (I N + H) ] exp (W H (I N + H) ] w) 

(h mn ) kmn _ _ 

- H nxi (w 1 , W'l) • • • H rt/>CN (w N , W N ) 


=e n 


A' 1 <m,n<N km ' n! 


A \<m.n<N Km - n ' 

L ( J:~ Cm) (pl)(p m e i9m ) rm ~ Cm . 


A \<m,n<N m ' n 
N N 

=e n n 

/T m= 1 «=1 

This establishes ll.lll 
To prove n~m we let 

0 a 


1 jn■> • • • ,k 


b 0 


m l 

, \a\, \b\ < a, b, x,y e M, 


J 


H = 

in (11.111) . then 

det (I N + H )"' exp (w*H (I N + H)~ l w) = 

v ’ 1 - ab 

■k 2 1 J (*l,2-*2,l) ( 2 

_ v A ^1,2 y- J 

ki, 2,fe,i=0 


exp (■ 


abx 2, -xyia+fy+aby* 

\-ab 


) 


oo 

= J] (-a )^ 1 -*^ 1- * 1 ’ 0 (x 2 )(-Z 7 ) fe ' 1 / 1 ’ 2 _fe ' 1 L^ 1 i ’ 2 “ fe,1 ' ) (/) 

*l,2,fe,l=0 

OO 

= 2 (ab) j Lf (.r) Lf (v 2 ) + J] (-<# ^~ j (**) (-b) k y J ~ k L { f k) (v 2 ) 

7=0 0< j<k<oo 

+ ^ (-ay/- J l}f- J) (x 2 ) (-b) k y J - k l!f k) (/) 

0<fc< 7 <oo 

OO 

= ywL<»(^)tf(/) + y 




0< j<k<oo 




+ E 

0<&< 7 <oo J 

OO _ j T-k 

= Z (a/2)/L f Z) L f (>’ 2 ) + Z 7^7 c / Z Z c i Z Z 

7=0 0< i<k<oo •> 


+ Z ^ 7 (-^Q(./;a 2 )Q (./;/) 


0<&< 7 <c 


j!/:! 
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where we have applied 


L ( „ n \a) = ^j-C n (x;a). 
n\ 


Hence, for x, y ± 0, for u, v sufficiently small, we let 

u v 

a = —, b = — 
xy xy 


to get 


2 2 
* J 


x 2 y 2 - uv 

OO / 

= V . 


exp 


x 2 y 2 [x 2 uv - x 2 y 2 {u + v) + y 2 uv) 


x 2 y 2 - uv 


= ZfeKW(/)+ Z 

7=0 ' y ’ 0 < j<k<oo * 

A: /' °° / \ 7 

Z ^4*^M = Z £ 

0<j<k<oo • ,=0 ' - y 1 


+ 


Z 

0< j<k<oo 


(u j v k + mV') 




c,(fcV)c,(fc/-). 


By 


Z(£)VhW) 


*Y ( uv(x 2 +y 2 ) l r 

e x P-— -I oFi 


x 2 y 2 - uv 


x 2 y 2 - uv 


-, 1 , 


3 3 \ 

uvx y ' 


*V / mv(x~ + y z ) 

exp-—-|/o 


x 2 y 2 - uv 


x 2 y 2 - uv 


V (x 2 y 2 - uv) ) 


- i -y\ f 


luvx-’y-’ 


x 2 y 2 - uv 


we have 
xy 

-( 

xy - mv 

= Z 

()< j<k<oo 


( xy (xuv - xy(u + v) + yuv )' 

xy 

' mv(x 2 + y 2 ) \ T 

„ yjuv{xyf ' 2 ' 

\ xy - wv , 

exp 

xy - uv 

1 ^ 

^ xy - uv J 

v xy-uv j 


(u j v k + mV) 


m 


Cj (k; x) Cj (k; y). 


□ 
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3. Miscellaneous results 

Theorem 3.1. Let w = r+is with r,jeR and z.\,z. 2 e C, then we have the moment 
integral representation 


a ~ZlZ2 1 


(zi,z 2 ) = 


m" 


r 


w m w n exp {-ww + iz\w + iz 2 w) drds. 


(3.1) 


In particular we have 


-n rie‘ 




2n 


i 

hl V^r - 


H. 


n+m +1 




0 


(3.2) 


(r 1 e , ( 01+ ^) + r 2 e' (e2 " 


xexp 


+ i i n - m) (p 


d(p. 


and 


2 H mM (re w ,re~ w ) = 


j e i(m-n)e 


2 m+n+1 sjn 

2n 

x J' H n+m+ 1 (r cos 0) exp (-r 2 cos 2 (p + i (n - m) r/>) dcp, 


(-1)" n \w’l l - n L ( r n> (wi w 2 ), m > n 
I (-l) m m\w n C m l2"- ,n) {w\w 2 ), n > m 


H m , n (W U W 2 ) 


2 n 


Proof. Let 


then, 


— l — I H n+m+ 1 (r cos <p) exp (-r 2 cos 2 f + i (n - m) 

2 yn J v 

o 

= (—1)” 2 m+n n\r m ~ n e~ r2 L (m ~ n) (V 2 j 

a mn = — f exp {-wvv + iziw + iz 2 w} drds 
JT J 


yin yU 

- exp (-ZiZ 2 ) exp (iz.\u + iz 2 v + uv). 

mini 


m,n=0 


(3.3) 


(3.4) 


(3.5) 
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Comparing the above expression with the generating function (11.21) proves Equa¬ 
tion (13.11) . Let w = pe'^, zi = r\e' ei and z 2 = r 2 e 102 in (13.11) . then 


e ZlZl H mn (zi, Z2) 

J' w m w n exp {-ww + iz\W + iz 2 w) drds 


2n 


= -L f f p ml exp (V + ip (e‘* Zl + <T*z 2 )) dp # 


2 n 




H, 


n+m +1 


j ^ 


X exp < - 


l' riel (e,+0) + r2e m-<i>)\ 2 


+ i(n — m ) (f) 


dcf). 


where we used a variant of (11.131) in the last step. This gives (13.21) . Let zi = re' 6 , 
z 2 = re~' B in (13.21) to get, 



2 n 


")m+n +1 


a/tt 


J' H n+m+ 1 (r cos (0 + 0)) exp (-r 2 cos 2 (0 + 0) + i (n - m) 


and we establish (13.31) . The identification (13.41) is known and follows from (11.11) 
and the representation of a Laguerre polynomial as a confluent hypergeometric 
polynomial. Linally (13.51) follows from (13.31) and (13.41) . □ 


The next result develops mixed relations involving 2D Hermite polynomials 
and Hermite polynomials. 
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Theorem 3.2. Let w\,w 2 , z e C with z ± 0, p > 0 and 6 € M, then we have 

<W\ + W 2 S 


H„ 




'(z + z *) 



n\ P (~P 2 e 2ie ) J 

H n (p cos 6) = - -— V i- —L 

( ~pe ie ) jp ./■ 


2 n 


I 


H n (p cos 6) e lke d6 


0 


<TV). 

2 k (n + k) 


2m!( ff /V ^(p 2 j 2| (n + k) 


and 


2 7T 


I 


" j = o J J 


(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 


Proof. Let u = a 2 t, v = (3 2 t, z\ = 2(3 W] (a, z 2 = 2aw 2 /(3 in (II.21) to obtain 

v 2 m p2n 


m,n =0 


V H 2f3w 1 2ffW2 r P f>"+n 

^ m ' n \ a ’ y3 / m! 77! 

exp (- (oySt) 2 + 2a(3t(yv\ + w 2 )) 

V „ , , (ojSf)" 

( W 1 + w 2) 


77=0 


ft! 


and (13.61) follows by equating like coefficients of powers of t. We use the pa¬ 
rameter identification z = (3 (a, vtq = e ,0 pa/2(3. w 2 = e~‘°p/3/2a in (13.61) and find 
that 

n ) H P>-j(P eW ^P e ~ ie )[^] 


Hu %.e» + ¥e-" 
\ 2(3 2a 




P~ n r (2j-n)(^2)l“ 



V 


p-j 


pij-n) / 2\ “ 

v )\f3j ’ 
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and (13.71) follows. Equations (13.81) — (13.91) follow by taking z = e ,e in (13.71) and 
applying the Fourier orthogonality. □ 

We list more properties for the 2D Hermite polynomials: 

Theorem 3.3. Let zi,z 2 , W\,w 2 e C and m,n are negative integers, then we have 


H m ,n (w, - iw 2 , W] + iw 2 ) 
H m , n (Zi +Wi,Z2 + W 2 ) 


’YYi—n min {m,n) 


= £ 

jjc =o 


Z 

j,k =0 


(~wi) j (-w 2 y 


tfi\ /n'j iij+k (w i) H m+n -j-k 


(w 2 ) 


V 


i-k 


gWlW2+ZlW2+Z2Wl 4-i j\k\ 

H m , n (0, 0) = (-1)" n\. 


H, 


m+k,n+j 


(Zl,Z2)-. 


(3.11) 

(3.12) 

(3.13) 


Proof. From 


e ZlZ2 H m , n (z\,z 2 ) 


—in n 
W W 


or 


— r 

TTl m+n J 

R 2 

x exp {-ww + iz.] w + iz 2 w} drds 

1 'V' [ m \[ n \ jin-n-j+k r j+k m+n-j-k 

Ki m+n ^\jh) J 


x exp j-r 2 - s 2 + ir (zi + z 2 ) + is ( iz\ - izi)) drds 

1 Y'' ( m \( n \ j m ~ n -j+k f J+k p -r 2 +ir ( Z]+Z 2 ) r j r 

ni m+n ^\m) J 

xf 


g m+n-j-k e ~s 2 +is(izi-iZ 2 ) J r 




r )m+n / j \ j ]\ J, 


j.k =0 ' J ’ ' 1 


l j+k 


H, 


m+n-j-k 


l I • 


Fet zi = Wi - iw 2 and z 2 = w, + iw 2 we get (13.111) . 


20 
























From 


e -(^rn)(z 2+W2 ) Hmn{zi+WuZ2+W2) 

oo j k ' i+k 

,—. wr w i J 


= Z 

j,k=0 


1 W J W K r +K f* 

—■— - I x m+k x n+ j exp {-xx + iz i x + (= 2 Z} drds 

, ./!*! J 

• / ’ R 2 

wj'h^ (-1 y 




-e Z|Z2 //,„+*,„ +7 -(zi,z 2 ), 


that is (13.121) . Formula (13.131) follows from (11.21) . 


□ 


4. ^-analogues 

We follow the notation for g-shifted factorials and <?-series as in 0, 0 and 


[16]. The 2D ^-Hermite polynomials are defined by 111511 

rj /_ _ | mAn -m-k-n-k 


= Z 


(<y? q )//;6/ - £_q (?) ?)»!-(:(?; 


(4.1) 


In [15] we also proved the generating function 

00 . .m . .n 

E Hm ,n (Z\,Z,2 I q) 


(wv; q) o 


m,n=0 


(q- q) m (q-, q) n (uzi,vz 2 ;q) 0 


(4.2) 


We shall also use the Askey-Wilson integral 050 


/ 




-dd 


2n{t x hhU\q) 0 


o fl [tje w , tje~ w ; q) 
7=1 


(q, q)oo O (tjtk, q) 

1 <j<k<4 V ,0 


(4.3) 


which holds for max||fy| : 1 < / < 4J < 1. The trigonometric moments of the 
c/-Hcrmitc weight function are [16] 




(4.4) 
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Theorem 4.1. For \rz\\ < 1, |.vzt| < 1, we have the generating function 


H, 


m\,n\ 


(rs, rs\ g)oo 
(Z\Z 2 rs\q L 

(zi,Z2 I q) H m2 , n2 (zuZi I q) 


oo oo 

y y 

™= 0 n, 7 io ^ rim (<?; q)m 2 (<?; q)« («; q \ 2 

((m l +n2-n l -m 2 )l2\ Uni+m 2 -m 1 -n 2 ) 

y q [ 2 ) + q { 2 

X 


r m\+m 2 s m+n 2 


(-D 


(n\ +n. 2 -m\-m 2 ) 12 


(4.5) 


where the summation is overall the nonnegative integers such that mi +m 2 —n | —n 2 
is even. 


Proof. Multiply the generating functions (14.21) with the z variable being zi, Z 2 , Zu 
z 2 and set U\ = re" 9 , Vi = se~ tB , u 2 = re~' e , v 2 = se' e . This gives 

_ (rs, rs\ q )«,_ 

(rz\e ie , rz\e~ ie , sz 2 e w , sz 2 e~ w ; q) m 


m\ 

Multiply the above generating function by \e 2 ‘ e , e~ 2l °; q) /(2 n) and integrate over 
6 in [ —it. n\ the apply the case t 2 = t 4 = 0 of the Askey-Wilson integral (14.31) we 
find that 


Z 


,m2,ni,ri2=0 


H muni (zi,Z2 \ q) Hr l2 , n2 (ZI,Z 2 ) 1 q) r" n+m2 s ni+n2 

(q\ q ) m , (4; q) m , (4; q) m (q> q \ 2 e mn ^~ m ^ ' 


2 (rs,rs;q) m 
(q; ZiZ 2 rs; q)^ 


OO CO 

= Z Z 

mi,7712=0 711,712=0 


Hm\,n\ I Q)H m2 n2 (ZuZi 1 q) 

(q- q) mi (q; q) mi (q; q) n] (q; q ) n2 


r mi+m 2 s m+n 2 


X 


/ 



e i0(ni+m 2 -mi-n 2 ) 2^’ 


—7 T 


22 












which vanishes unless m 2 + n i - mi - « 2 is even, in which case we get 


= £ £ 


(rs, rs\q) 

(q\Z\Z 2 rs\q) «, 

(.Z\, Z 2 I O) H m 2 ,ri 2 (zuzi I q) 


—n (q> q) m , (q> q) m dm (q> ?)« 2 

(n\ +n ?9 —m | —rtp)/2\ \ 

+ qy 


jjni+mi S ni+n 2 


m\,m2=0 ni,ri2=0 1 m 2 

^ ^(m 1 +n 2 -ni-/n2)/2^ ^ ^(n 1 +m 2 -/«i-«2)/ 2 ^ 

X (< 7 ; < 7)00 (- i ) ( ” i+ " 2-mi-m2)/2 


where the summation is over all the nonnegative integers such that m.\ +m 2 -n\ -n 2 
is even. □ 


Theorem 4.2. Let JjciZiI , U 1 Z 2 I, |.riz 3 |, |*iz 4 | < 1, then 


_ (Wish r 2 S 2 , r 2 s 2 , t\su r 2 s 2 Z\Z 2 Z3Z4 \<?L 

(nr 2 z\Zi, rir 2 ZiZ 3 , r l s 2 Z\Z4, r 2 SiZ 2 Z 3 , s { s 2 z 2 Z4, r 2 s 2 Z 3 Z 4 , q ) 0 


£ 


H, 


mi,n\ 


(zuZ 2 ) I q)H m2 n2 ( zuz 2 I q) 


mj,tij> 0,1< j< 4 


(q; q) mi {q\ q) m (q\ q) mi (q\ q) 


mi+m 2 m 3 +m 3 ni+n 2 n 3 +n 4 
'1 '2 z 




m 2 




X 


ft 


m 3 ,773 


(Z 3 , Z 4 ) | <?)7/ W4 ,„ 4 (z 3 ,Z 4 |<?) 

(<?; «)„„ (4; q) m (q\ q) im (q\ q), 


(-1 )«p + P] 


/ 72 3 


(4.6) 


(4.7) 


where the summation is over all nonnegative integers nij, nj, 1 < j < 4 such that 
my + n 2 + m 3 + n 4 - n\ - m 2 - n 2 - m 4 is even and = 2 M. 


Proof. Again we start with four cases of the generating function (14.21) with param¬ 
eters \Uj,Vj\, 1 < j <4 and variables zi, z 2 , Zi, z 2 , Z3, Z4, Z3, z 4 , where U\ = r^e' 8 , 
v\ = S\e~' e , u 2 = r { e~ lB , v 2 = s { e lB , w 3 = r 2 e' 9 , v 3 = s 2 e~' 6 , u 4 = r 2 e~‘ e , v 4 = s 2 e ,e . 
We multiply the four right-hand sides of (14.21) by (e 2 " 9 , e -2 " 9 ; < 7 ) /(2 n) and inte- 
grate over The use of the Askey-Wilson integral shows that the result 

is 


_2 (_nsu r\S\,r 2 s 2 , r 2 s 2 , ns u r 2 s 2 Z\Z 2 Z3Z4 ; q )<*>_ 

(<?, rir 2 ziz 2 , r!r 2 ziz 3 , r^ 2 ziz 4 , r 2 ,siz 2 z 3 , ^i^ 2 z 2 z 4 , r 2 S2Z 3 Z 4 , q )«> ’ 

The rest of the proof is similar to the proof of Theorem 14. II and will be omitted. 

□ 
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